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Abstract 

For a graph G, we denote by er 2 (G) the minimum degree sum of two non-adjacent vertices 
if G is non-complete; otherwise, 02(G) = + 00 . In this paper, we prove the following two 
results; (i) If Si,s 2 > 2 are integers and if G is a non-complete graph with 02(G) > 2(si + 
s 2 + 1) — 1, then G contains two vertex-disjoint subgraphs H\ and iT 2 such that each Hi is 
a graph of order at least Si + 1 with cr 2 (rti) > 2 Si — 1. (ii) If si, s 2 > 2 are integers and if G 
is a triangle-free graph of order at least 3 with 02 (G) > 2(si + s 2 ) — 1, then G contains two 
vertex-disjoint subgraphs Hi and H2 such that each Hi is a graph of order at least 2s,: with 
02 (Hi) > 2sj — 1. By using this result, we also give some corollaries concerning the degree 
conditions for the existence of k vertex-disjoint cycles. 
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1 Introduction 

In this paper, we consider finite simple graphs, which have neither loops nor multiple edges. For 
terminology and notation not defined in this paper, we refer the readers to [ 3 ]. Let G be a graph. 
We denote by V(G), E(G) and 5 (G) the vertex set, the edge set and the minimum degree of G , 
respectively. We write |G| for the order of G, that is, |G| = |V(G)|. We denote by da(v) the 
degree of a vertex v in G. The invariant 02(G) is defined to be the minimum degree sum of two 
non-adjacent vertices of G, i.e., 02(G) = min { dc(u) + dc(v) : u, v € V(G),u ^ v,uv £ E(G )} 
if G is non-complete; otherwise, let 02(G) = +00. We denote by g(G) the girth of G, i.e., the 
length of a shortest cycle of G. In this paper, “disjoint” always means “vertex-disjoint”. A pair 
(H\,H2) is called a partition of G if H\ and H2 are two disjoint induced subgraphs of G such 
that V(G) = V(H{) U V(H 2 ). 

Stiebitz m considered the decomposition of graphs under degree constraints and proved 
the following result. 

*An extended abstract has been accepted in: EuroComb 2015, Electr. Notes Discrete Math., vol. 49, 2015, 
pp. 359-366. 
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Theorem A (Stiebitz [TJ]) Let si, S 2 > 1 be integers, and G be a graph. If 5(G) > S 1 + S 2 + I, 
then there exists a partition (H\, H 2 ) of G such that 5(Hf) > Si for i G {1,2}. 

Kaneko HD showed that this result holds for triangle-free graphs with minimum degree at 
least si + S 2 - (Diwan further improved Theorem lAl for graphs with girth at least 5, see [6]. 
Bazgan, Tuza and Vanderpooten PQ gave polynomial-time algorithms that find such partitions.) 

Theorem B (Kaneko |llj l Let si,S 2 > 1 be integers, and G be a graph. If 5(G) > si + S 2 
and g(G) > 4, then there exists a partition (Hi, H 2 ) of G such that 5(Hi) > s, for i € {1,2}. 

The purpose of this paper is to consider ^-versions of Theorems [X] and [Bj More precisely, 
we consider the following problems. 

Problem 1 Let s 1 , s -2 > 2 be integers, and G be a non-complete graph. If 02 (G) > 2(s\ + S 2 + 
1) — 1, then there exists a partition (H\,H 2 ) of G such that a 2 (Hi) > 2s* — 1 and \Hj] > Sj + 1 
for i G {1,2}. 

Problem 2 Let S\,S 2 >2 be integers, and G be a graph of order at least 3. If ( 72 (G) > 
2(si TS 2 ) — 1 and g(G) > 4, then there exists a partition (Hi, ^ 2 ) of G such that ^(Hj) > 2s* — 1 
and \H,i\ > 2s* fori G {1,2}. 

In Problem Q] (resp., Problem[2|), if we drop the condition L ‘\Hi\ > s* + 1 (resp., \Hi\ > 2s*)” 
in the conclusion, then it is an easy problem. Because, for each edge xy in a graph G satisfying 
the assumption of Problem [Tj (resp., the assumption of Problem [2]), H\ = G[{x,y }] and H 2 = 
G — {x,y} satisfy cr 2 (I^i) = 00 > 2si — 1 and 72 ^ 2 ) > 72 (G) — 2\{x,y}\ > 2^2 — 1. Here, 
for a vertex subset X of a graph G , G[X\ denotes the subgraph of G induced by X , and let 
G — X = G[V(G) \ X). (Similarly, for the case where Si = 1 for some i, we can easily solve it.) 

In addition, if G 2 is a complete bipartite graph K Sl+S2 _i iSl+S2 , then <t 2 (G2) = 2(si + S 2 ) — 
2 and G 2 does not contain partitions as in Problem [2j Thus, G 2 shows that the condition 
u (7 2 (G) > 2(si + S 2 ) — 1” in Problem [2] is best possible if it’s true. Moreover, if G\ is a 
balanced complete multipartite graph with r + 1 ( > 4) partite sets of size s ( > 2), then 
02 (G\) = 2 rs = 2((rs — r +1) + (r — 1) + l) — 2, and we can check that G\ contains no partitions 
as in Problem |T| for (si,S 2 ) = (rs — r +1, r — 1). Thus, the condition “ 172 (G) > 2(si + S 2 +1) — 1” 
in Problem |T] is also best possible in a sense if it’s true. 

Before giving the main result, we introduce the outline of the proof of Theorems 1X1 and iBl 
The proof consists of the following two steps: 

Step 1 : To show the existence of two disjoint subgraphs of high minimum degree, i.e., we show 
the existence of two disjoint subgraphs H\ and H 2 such that 5(H,) > Si for i G {1, 2}. 
Step 2 : To show the existence of two disjoint subgraphs of high minimum degree that partition 
V (G) by using Step 1. 

In particular, in the proof of Theorems 1X1 and [Bl Step 2 is easily solved. In fact, if G is a graph 
with 5(G) > si + S 2 — 1, and if G contains a pair (Hi, H 2 ) of disjoint subgraphs with 5(Hi) > s* 
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for i £ {1,2}, then we can easily transform the pair into the partition of G keeping its minimum 
degree condition (see m Proposition 4]). 

Considering the situation for the proof of Theorems lAl and iBl one may approach Problems Q] 
and [2] by following the same steps as above. However, for the case of do-versions, Step 2 as 
well as Step 1 are not an easy problem because we allow vertices with low degree. In fact, in 
the proof of Step 2 for Theorem El ([HI Proposition 4]), the assumption that every vertex has 
high degree plays a crucial role. At the moment, we don’t know whether we can extend disjoint 
subgraphs of high minimum “degree sum” to a partition or not. However, we can solve Step 1 
for Problems [1] and [2} The following are our main results. 

Theorem 1 Let si, S 2 > 2 be integers, and G be a non-complete graph. If <72 (G) > 2(si + S 2 + 
1) — 1, then there exist two disjoint induced subgraphs H 1 and H 2 of G such that 72(Hi) > 2sj — 1 
and \Hi\ > Si + 1 for i £ { 1 , 2 }. 

Theorem 2 Let s±,S 2 >2 be integers, and G be a graph of order at least 3. If 02 (G) > 
2(si + S 2 ) — 1 and g(G) > 4, then there exist two disjoint induced subgraphs H 1 and H 2 of G 
such that (T 2 {Hi) > 2sj — 1 and \Hi\ > 2 Si for i £ {1, 2}. 

Note that the above graphs G\ and G 2 also show that <72 conditions in Theorems Q] and [2] 
are best possible, respectively. 

In order to show Theorems |T| and El we actually prove slightly stronger results as follows. 
Here, for a graph G and an integer s, we define V< S (G) = {u £ V(G ) : dc(v) < s}. 

Theorem 3 Let si, S 2 > 2 be integers, and G be a non-complete graph. If ( 72 (G) > 2(s\ + S 2 + 
1) — 1, then there exist two disjoint induced subgraphs H\ and H 2 of G such that for each i with 
i £ {1,2}, the following hold: 

(i) d Hi {u ) > Si for u £ V{Hi) \ H< S1+S2 (G). 

(ii) d Hi {u ) + d Hi {v) > 2si - 1 for u £ V(Hi) \ H< S1+S2 (G) and v £ V(Hi) n H< S1+S2 (G) with 
uv E{Hi). 

(hi) \Hi\ > Si + 1. 

Theorem 4 Let s±,S 2 >2 be integers, and G be a graph of order at least 3. If ( 72 (G) > 
2(si + S 2 ) — 1 and g(G) > 4, then there exist two disjoint induced subgraphs H 1 and H 2 of G 
such that for each i with i £ { 1, 2}, the following hold: 

(i) d Hi (u) > Si for u £ V(Hi ) \ H< sl+S2 _i(G). 

(ii) d Hi (u) + d Hi (v ) > 2si - 1 for u £ V(H.f) \ V< sl+S2 -i(G) and v £ V(Hi)r I H< sl+S2 _i(G) 
with uv fz E(Hi). 

(hi) \Hi\ > 2Si. 

Note that if G is a graph with 72 (G) > 2(s± + S 2 + 1) — 1, then G[P< S1+S2 (G)] is a complete 
graph (see Lemma |T]1I1) in Subsection 12.ID . Therefore, for any two distinct non-adjacent vertices 
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in such a graph G, at least one of the two vertices belongs to V(G)\V< Sl + S2 (G), i.e, (i) and (ii) of 
Theorem [3] imply that a 2 ( Hj ) > 2Sj — 1. Thus Theorem |T| immediately follows from Theorem[3j 
Moreover, since V< S1+S2 (G) = 0 if and only if 6 (G) > si + s 2 + 1 for a graph G, Theorem [3] 
also implies Step 1 for Theorem 0 Similarly, Theorem [4] implies Theorem [2] and Step 1 for 
Theorem [Bj In the next section, we give some concepts and lemmas to prove Theorems [3] and 
HI We will prove Theorems [3] and 0] in Sections 0 and 01 respectively. 

This kind of results are sometimes useful tools to get degree conditions for packing of graphs, 
i.e., the existence of k disjoint subgraphs which belong to some fixed class of graphs. In the 
last section (Section [5j), we will explain it by taking disjoint cycles for example, and give some 
corollaries about it. 

We mention similar results. In 1966, Lovasz m proved a dual type of Theorem [A] with 
respect to maximum degree; Every graph with maximum degree at most si + s 2 + 1 has a 
partition (Hi, H 2 ) such that the maximum degree of each Hi is at most Sj. On the other hand, 
Thomassen OS H3 conjectured the connectivity version of Theorem 0 Every (si + s 2 + 1)- 
connected graph has a partition (H\, Hi) such that each Hi is Sj-connected, and he showed 
that this conjecture is true for s 2 < 2 (see m)- However, this conjecture is still wide open for 
other cases, and hence there is a huge gap between “degree” and “connectivity”. Other similar 
concepts can be found in mini ns]. Therefore, this type problem has been extensively studied. 

2 Preparations for the proofs of Theorems [3] and 0 

2.1 Terminology and notation 

We first prepare terminology and notation which we use in the rest of this paper, and we also 
give some lemmas in this subsection (Lemmas |T] and [2]) . 

Let G be a graph. For disjoint subsets X\ and X 2 of V(G), we define ec(Xi,X 2 ) to be 
the number of edges of G between X\ and X 2 . We often identify a subgraph H of G with its 
vertex set V(H). For example, we write G — H instead of G — V(H), and we write ea(Hi, H 2 ) 
instead of ec(V(Hi), V(H 2 )) for disjoint subgraphs Hi and H 2 of G. A clique of G is a (possibly 
empty) vertex subset of G that induces a complete subgraph of G, and we denote by uj(G) the 
cardinality of the largest clique of G. 

By the definition of (t 2 (G), we can obtain the following. Since the proof is easy, we omit it. 

Lemma 1 Let s > 1 be an integer, and G be a graph with a 2 (G) > 2s — 1. Then, 

(i) E< s _i(G) is a clique ( and hence, if g(G) > 4, then |E< s _i(G)| < 2). 

(ii) If G is non-complete, then |Gj > s + 2. 

(iii) If G is non-complete and g(G) > 4, then |G| > 2s. 

For a partition (G 1 , G 2 ) of a graph G and integers si, s 2 > 1, we define 
f(Gi,G 2 , Sl ,s 2 ) = \E(Gi)\ + \E(G 2 )\ + s 2 \Gi\ + si\G 2 \. 
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Then, by the definition of the function /, we can obtain the following. (In order to find disjoint 
subgraphs as in Theorems [3] and 01 we will consider some partition which was chosen so that 
the value / is maximized, see Sections 0] and 0] for more details.) 

Lemma 2 Let si,S 2 ,i be integers with si,s 2 > 1 and i £ { 1 , 2 } ; and let (Gi,G 2 ) be a partition 
of a graph G. If Ui is a vertex in Gi such that e G (ui,G^-i) — d Gi ( u i) > ( 53-1 — s*) + k for 
some integer k, then /(G^, G' 2 , si, s 2 ) > f(G\, G 2 , s\, S 2 ) + k, where G( = G t — Ui and = 
G[V(G 3 -i) UK}]. 

Proof. By the symmetry, it is enough to consider the proof for only the case i = 1. By the 
definitions of /, G[ and G' 2 , we get 

f (G[, G 2 , si, s 2 ) = \E(G[)\ + \E(G 2 )\ + s 2 \G[\ + Sl |G'| 

= (|£7(Gi)| - d Gl (ui)) + {\E(G 2 )\ + e G ( Ul , G 2 )) + a 2 (|Gi| - 1 ) + si(|G 2 | + 1) 
= f(Gi, G 2 , si, S 2 ) + (e G (ui, G 2 ) — d Gl (ui)) — (s 2 - si). 

Hence, if e G (u\, G 2 ) — d Gl (u\) > (s 2 — si) + k. then the assertion clearly holds. □ 

2.2 Feasible graphs and degenerate graphs 

In this subsection, we generalize the concepts of feasible graphs and degenerate graphs which 
were used in Stiebitz’ argument m, and we will give some remarks and lemmas about it. 

Now, let G be a graph, and let X be a clique of G. For an integer s > 1, an induced subgraph 
H of G is said to be (s', X)-feasible in G , if H satisfies the following conditions (FlU) (F13I) : 

(FI) d H [u) > s for u £ V(H) \ X. 

(F2) dn(u) + djj{v) > 2 s for u £ V(H) \ X and v £ V{H) D X with uv ^ E(H). 

(F3) H is non-complete. 

(Note that the conditions (FIT]) and (F0|) imply 172 (H) > 2 s because X is a clique.) 

For an integer s > 1, an induced subgraph G' of G is said to be (s; X)-degenerate in G if G' 
satisfies the following conditions (E[T]) an d (E0J): 

(Dl) Any non-complete induced subgraph H of G' is not (s; X)-feasible in G, i.e., one of the 
following holds: 

• dn(u) < s for some u £ V(H) \ A, or 

• dji(u) + dn(v) < 2s for some u £ V(H) \ X and v £ V(H) D X with uv ^ E(H). 
(D2) G' is non-complete. 

For integers si,s 2 > 1, a partition (Gi,G 2 ) of G is called an (si, s 2 ; X)-degenerate partition of 
G if each Gi is (s*; X)-degenerate. 
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Remark 1 Let s > 1 be an integer, and let G be a graph and X be a clique of G. Then, an 
induced subgraph G' of G is non-complete and not (s', X)-degenerate if and only if G' contains 
an (s; X)-feasible graph in G. 

Lemma 3 Let s > 2 be an integer, and G be a graph and X be a clique of G. Suppose that 
oj(G) < s. Then, the following hold. 

(i) If H is an (s', X)-feasible graph in G, then H — x is an (s — 1; X)-feasible graph in G for 
every vertex x of H. 

(ii) If G' is an (s — 1; X)-degenerate graph in G, then G[V(G') U {x}] is an (s; X)-degenerate 
graph in G for every vertex x of G — G'. 

Proof, (i) Let x £ V(H), and let H' = H — x. Then by (FEED, dn'(u ) > s — |{x}| = s — 1 

for u £ V(H') \ X. Similarly, by (F©, we also have dn'(u) + du>(v) >2 s — 2|{x}| = 2 (s — 1) 

for u £ V(H') \ X and v £ V(H') n X with uv £ E(H'). Furthermore, by (FHD-(Fl3D and 
Lemma IDUID , \H\ > s + 2, and hence \H'\ > s + 1. This, together with ui(G) < s, implies that 
H' is non-complete. Thus (0 is proved. 

(ii) To show (|5)1 . let x £ V(G — G'), and let G" = G[V(G') U {x}]. Note that by (E(2D, 
G" is also non-complete. Suppose that G" is not (s; X)-degenerate. Then by Remark [1] G" 
contains an (s; X)-feasible graph H of G. If V(H) C V(G'), then this contradicts that G' is 
(s — 1; X)-degenerate. Thus x £ V(H ). But then, by Lemma l3tlip . H — x is an (s — 1; X)-feasible 
graph contained in G', a contradiction again. Thus © is proved. □ 

Lemma 4 Let s\,S 2 ,s be integers with si,S 2 > 1 and e £ {0,1}. Let G be a graph with 
172 (G) > 2(si + S 2 + e) — 1, X = R< Sl+S2+£ _i(G), and (G±,G 2 ) be a partition of G. If Gi 
is (Si — 1 + e; X)-degenerate for some i £ {1,2}, then there exist two vertices Ui and Vi of Gi 
satisfying one of the following (a) and (b). 

(a) eG(ui,G 3 -i) - d Gi (ui ) > (s 3 -i ~ «i) + 1, d Gi (ui) < Si - 1 + e and = v i} or 

(b) e G (ui,G 3 -i) - d Gi (iii) > (s 3 _, - sf) + 1. d G (vi) < s 3 + s 2 - 2 and Vi £ V(Gf) fl X. 

Proof. By the symmetry, it is enough to consider the proof for only the case i = 1. 

Suppose that G\ is (si — 1 + e; X)-degenerate. Assume for the moment that there exists a 
vertex u in V(G\) \ X such that d Gl (u) < si — 1 + e. Then, since u £ X, it follows that 

e G (u, G 2 ) = d G (u) - d Gl (u ) > (si + s 2 + e) - (si - 1 + e) 

= s 2 + l = s 2 — l + e + l + (l — e)>s 2 — l + £ + l. 

This yields that e G (u,G 2 ) — d Gl (u) > (s 2 — si) + 1, and hence (a) holds as (u\,v\) = (u,u). 
Thus, we may assume that d Gl (u) > s\ + e for all u £ V(G 1 ) \ X. 

Then, since G\ is (si — 1 + s; A)-degenerate, it follows that there exist two vertices u £ 
V(G\) \ X and v £ V(G\) fl X with uv £ E(G±) such that d Gl (u ) + d Gl (v) < 2(si — 1 + e). 
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Since d Gl (u) > si + e, we have do 1 (v) < s i — 2 + s, that is, d Gl (v) = s\ — l + e for some integer 
l > 2. If e G (v, G 2 ) > S 2 — l + £ + 1, then (a) holds as (ui, ui) = (v, v), and thus we may assume 
that e G (v, G 2 ) < S 2 — l + e. Then, 

d G (v) = d G 1 (v) + e G (v, G 2 ) < si + s 2 - 21 + 2e < si + s 2 - 2. 

Note that d Gl (u) < s\ — 2 + l + e because d Gl (u) + d Gl (v) < 2(si — 1 + e) and d Gl ( v ) = si — l + s, 
and hence 

e G (u,G 2 ) > ct 2 (G) - d Gl (u) - d G (y) 

> (2(.si + S 2 + £■) — l) ~ (si — 2 + l + e) — (si + S 2 — 21 + 2e) 

= ^2 + ^ + 1 — £ = ( S2 — 2 + / + e) + 3 — 2e > (52 — 2 + l + e) + 1. 

This implies that e G {u,G 2 ) — d Gl (u ) > (S 2 — si) + 1. Thus, (b) holds as (tti,ui) = (u,v). □ 

2.3 Lemmas for Theorem [3] 

In this subsection, we prepare lemmas which will be used in the proof of Theorem [21 

Lemma 5 Let si, ,s’ 2 , G be the same as in Theorem and X = V< S1+S2 {G ) and U C V(G) 
with \U\ = ss-i + a for some integers i £ {1,2} and a < 1. Under the same degree condition as 
in Theorem 0 the following hold; (i) d G -u(u ) > Sj — a /or u £ V(G — U) \ X, (ii) d G -u(u ) + 
d G -u(v) > 2(si — a) for u £ V(G — U) \ X and v £ V(G — U) D X with uv £ E(G — U), and 
(Hi) \G — U\> (Si — a) + 3. 

Proof. It is enough to consider the proof for only the case i = 1. By the degree condition of 
G, the definition of X and the assumption that \U\ = S 2 + a, we can easily check that (i) and 
(ii) hold. Moreover, since G is non-complete, it follows from Lemma dMul) that |G| > si + S 2 + 3, 
and hence \G — U\ > (si — a) + 3. Thus (iii) also holds. □ 


Lemma 6 Let s\, S 2 , G be the same as in Theorem 0 and X = L< Sl+S2 (G), and suppose that 
u{G) < min{si,S 2 }. Under the same degree condition as in Theorem 0 the following holds; If 
G' is (si; X)-degenerate for some i £ {1,2}, then G — G' is non-complete. 

Proof. By the symmetry, we consider the proof for only the case i = 1. Suppose that G' is 
(si; X)-degenerate and G — G' is complete (note that G' is a proper subgraph of G , because G 
is not (si; X)-degenerate). Since | G — G'\ < oj(G) < min{si, S 2 } ; we have | G — G'\ = s 2 + ot for 
some integer a < 0. Note that (si — a) + 3 > u(G). By applying Lemma El with U = V(G — G') 
and i = 1, it follows that G' = G — U is an (si — a)-feasible graph in G , which contradicts that 
G' is (si;X)-degenerate. □ 
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2.4 Lemmas for Theorem [4] 

In this subsection, we prepare lemmas which will be used in the proof of Theorem 0J 

Lemma 7 Let s i, s 2) G be the same as in Theorem [7] and X = R< sl+S2 _i(G), and let a be an 
integer with a £ {0,1}. Under the same conditions as in Theorem the following holds; If U 
is a vertex subset of G such that \U\ < 3 and ec(x, U) < 1 + a for all x £ V ( G ) \ U, then G —U 
is non-complete and not (s i — a; X)-degenerate, and not (s 2 — a] X)-degenerate. 

Proof. By the degree condition of G and the definition of X , dG-u{v) > da{u ) — ec(u,U) > 
(si + s 2 ) — (1 + of) = (si — a) + s 2 — 1 > si — a for u £ V(G — U) \ X. Similarly, dc-uiu) + 
dc-u{v) > <J 2 (G) — ec{{u,v}, U) > (2(si + s 2 ) — l) — 2(1 + a) = 2(si - a) + 2s 2 -3 > 2(si - a) 
for u £ V(G — U) \ X and v £ V(G — U) D X with uv £ E(G — U). By Lemma flUmli . 
|G| > 2(.s 1 + s 2 ) > 6, and hence \G — U\ > 3. Since g(G) > 4, this implies that G — U is 
non-complete. Thus, G — U is (si — a; A")-feasible in G. By the symmetry of si and s 2 , G — U is 
also (s 2 — a; X)-feasible in G. Therefore, it follows from Remark [1] that the lemma holds. □ 

Lemma 8 Let s 1 , s 2 , G be the same as in Theorem^ and X = V< sl + S 2 _i(G). Under the same 
conditions as in Theorem [^} the following holds; If G' is (sf, X)-degenerate for some i £ {1, 2} ? 
then G — G' is non-complete. 

Proof. By the symmetry, it suffices to consider the proof for only the case i = 1. 

Suppose that G' is (si; A)-degenerate and G — G' is complete (note that G' is a proper 
subgraph of G, because G itself is not (si; X)-degenerate). Then by Lemma ITTliT) . |G — G'\ < 2. 
Since g(G) > 4, this implies that ec{x,G — G') < 1 for all x £ V(G') = V(G) \ V(G — G'). 
Therefore, by applying Lemma [7] with U = V(G — G') and a = 0, it follows that G' = G — U is 
not (si; X)-degenerate, a contradiction. □ 

Lemma 9 Let si, s 2) G be the same as in Theorem\f\and X = I/< Sl+S 2 _i(G), and let (Gi,G 2 ) 
be a pair which is an (si, s 2 — 1; X)-degenerate partition or an (s 1 — 1, s 2 ; X)-degenerate partition 
of G. Suppose that (G 1 , G 2 ) was chosen so that f(G 1 , G 2 , si, s 2 ) is maximized in such partitions. 
Under the same conditions as in Theorem [^J the following holds; If Gi is (Sj — 1; X)-degenerate 
for some i £ {1, 2}, then G 3-1 is not ( 53-1 — 1; X)-degenerate. 

Proof. By the symmetry of si and s 2 , we only show that if G 2 is (s 2 — 1; A)-degenerate, then 
G\ is not (si — 1: A)-degenerate. 

Suppose that G 2 is (s 2 — 1; X)-degenerate (note that by the assumption of Lemma @ G\ 
is (si; A)-degenerate). By applying Lemma 0] with e = 0 and i = 2, we can take a vertex rt 2 
of G 2 such that ec(rt 2 ,Gi) — dc^i.^) > (si — s 2 ) + 1- Then, by Lemma EJ /(G^, G' 2 , si, s 2 ) > 
/(Gi,G 2 ,si,s 2 ), where G[ = G[V(Gi) U {w 2 }] and G ' 2 = G 2 - u 2 . 

Assume first that G ' 2 is non-complete. Then, since G 2 is (s 2 — 1; A)-degenerate, G ' 2 is clearly 
(s 2 — 1; A)-degenerate. Hence by the choice of (Gi, G 2 ), G[ is not (si; X)-degenerate. Note that 



G[ is non-complete because G\ is non-complete, and hence by Remark[Q G[ contains an (si; X)- 
feasible graph H of G. If u 2 ^ V(H), then H is an induced subgraph of G\ , which contradicts 
that G\ is (si; X)-degenerate. Thus u 2 € V(H). Note that oj(G) < 2 < si because g(G) > 4. 
Then, by Lemma [3t[T]I . H — U2 is an induced subgraph of G\ which is (si — 1; X)-feasible in G. 
Thus, by Remark HI G\ is not (si — 1; X)-degenerate. 

Assume next that G 2 is complete. Then by Lemma [Ujl]), IG 2 I < 2, and hence we have 
|G 2 | < 3. Then, since g(G) > 4, it follows that ec(x, G 2 ) < 2 for all x £ V(G\). Therefore, by 
applying Lemma [7] with U = R(G 2 ) and a = 1, it follows that G\ = G — U is not (si — 1;X)- 
degenerate. Thus, we can obtain the desired conclusion. □ 


3 Proof of Theorem |3] 

Let si, S 2 , G be the same as in Theorem [2 and suppose that cr 2 (G) > 2(si + s 2 + 1) — 1. We 
first show the following claim. 

Claim 3.1 We may assume that ui(G) < min{si,s 2 }. 

Proof. Suppose not, and let H\ be the complete subgraph of order exactly minjsi, s 2 } + 1, 
and let H 2 = G — H\. Without loss of generality, we may assume that min{si, s 2 } = si. Then 
by applying Lemma [5] as (U,i,a) = (V(Hi),2, 1), we can easily see that H 1 and iL 2 are desired 
subgraphs. □ 

Now let X = R< S1 _|_ S2 (G), and we will find a partition {G\, G 2 ) of G such that 
each G* is non-complete and is not (s* — 1; X)-degenerate 
(if such a partition exists, then by Lemma [T t(Ii]) and Remark [fl our result follows). 

Claim 3.2 We may assume that G contains an (si,s 2 — 1; X)-degenerate partition. 

Proof. Take an induced subgraph G\ which is non-complete and not (si — 1; X)-degenerate 
(we can actually take such a subgraph because G itself is one of such subgraphs). Choose G\ 
so that |Gi| is as small as possible. We first claim that G\ is (si; X)-degenerate. Suppose not. 
Then, since G\ is non-complete, G\ contains an (si; X)-feasible graph H of G. Let x G V(H), 
and let G\ = H — x. Then by Lemma [3]JI]) and Claim fTTTl G\ is an (si — 1; A')-feasible graph of 
order less than G 1 , i.e., G[ is non-complete and not an (si — 1; X)-degenerate graph such that 
(G^l < |Gi| from RemarklU which contradicts the choice of Gi. Thus G\ is (si;X)-degenerate. 

Note that by Lemma[S]and Claim [H7T1 G 2 := G — G\ is non-complete. Therefore, if G 2 is not 
(s 2 — 1; X)-degenerate, then (Gi,G 2 ) is the desired partition (G\,G 2 ). Thus, we may assume 
that G 2 is (s 2 — 1; X)-degenerate. □ 

Let (Gi,G 2 ) be a pair which is an (si,s 2 — 1;X)-degenerate partition or an (si — l,s 2 ;X)- 
degenerate partition of G (we can take such a partition by Claim 13.211 . Choose such a partition 
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so that f(G\, G 2 , s\, s 2 ) is as large as possible (see the definition of / in Subsection 12 .11) . By 
the symmetry, we may assume that (G\, G 2 ) is an (si, s 2 — 1; X)-degenerate partition of G. We 
now apply Lemma 0] with e = 1 and i = 1. Then, we can take a vertex u\ of G\ such that 
e G (ui,G 2 )-d Gl (ui) > (s 2 -si) + l, and hence by Lemma 01 f(G' 1 ,G' 2 ,s 1 ,s 2 ) > /(Gi, G 2 , si, s 2 ), 
where G[ = G\ — u\ and G' 2 = G[V(G 2 ) U {ui}]- 

Suppose first that G 2 is (s 2 — 1; X)-degenerate. Note that by Lemma El and Claim IXT1 
G\ = G — G 2 is non-complete, and then G[ is clearly (si;X)-degenerate because G\ is (si; X)- 
degenerate. Thus, (G{, G' 2 ) is an (si, s 2 — 1; X)-degenerate partition such that /( G }, G 2 , si, s 2 ) > 
f(Gi, G 2 , si, s 2 ), which contradicts the choice of (G\,G 2 ). 

Suppose next that G 2 is not (s 2 — 1: X)-degenerate. Since G 2 = G[V(G 2 ) U {ui}] and G 2 is 
(s 2 — 1; X)-degenerate, it follows from Lemma l3ljn|) and Claim [3711 that G 2 is (s 2 ; X)-degenerate. 
Then, the choice of (Gi,G 2 ) yields that G[ is not (si — 1;X)-degenerate. Moreover, since G 2 is 
(s 2 ; X)-degenerate, it follows from Lemma Eland Claim IXT1 that G\ = G — G 2 is non-complete. 
On the other hand, since G 2 is non-complete, we also see that G' 2 is non-complete, i.e., G 2 
is non-complete and not (s 2 — 1; X)-degenerate. Therefore, (G \, G 2 ) is the desired partition 
(G\,G* 2 ). 

This completes the proof of Theorem EJ □ 


4 Proof of Theorem |4] 

Let si, s 2 , G be the same as in Theorem 01 and suppose that (t 2 (G) > 2{s\ + s 2 ) — 1 and 
g(G) > 4. We first show the following claim. 

Claim 4.1 If v\ andv 2 are distinct vertices ofV< sl+S2 -i(G), then we may assume that dc(vi) = 
si + s 2 - 1 or dciy 2 ) = si + s 2 — 1. 

Proof. Suppose that there exist two distinct vertices v\ and v 2 of X := C< Sl _|_ S2 _i(G) such that 
dc{vi) < si + -s 2 — 2 for i £ {L2}. Note that by Lemma [THU) • X is a clique and X = {ui,u 2 }. 
Since g(G) > 4, we have eo(u,X ) < 1 for all u £ V{G) \ X. Let u be an arbitrary vertex of 
G — X, and let Vi be a vertex of X with uvi (/ E(G). Then, 

d G ~ x {u ) > a 2 (G) - d G (vi) - e G (u, X) > (2(si + s 2 ) - l) - (si + s 2 - 2) - 1 = si + s 2 . 

Since u is an arbitrary vertex of G — X, this implies that 5(G — X) > si + s 2 . Hence, by 
Theorem m there exists a partition (Hi,H 2 ) of G — X such that 6(Hi) > Si for i £ {1,2}. By 
Lemma fTTflTTl) . H 1 and H 2 are the desired subgraphs. □ 

Now let X = V< s1+S2 _i(G), and we will find a partition (G{, G 2 ) of G such that 

each G* is non-complete and is not (s* — 1; X)-degenerate 

(if such a partition exists, then by Lemma flllml) and Remark [TJ our result follows). 

Claim 4.2 We may assume that G contains an (si,s 2 — 1; X)-degenerate partition. 
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Proof. Note that uj(G) < 2 < min{si,S 2 } and hence, replacing “Lemma 0’ with “Lemma 
in the proof of Claim I3l2l the same argument as Claim [3721 can work. Thus, we can obtain the 
desired conclusion. □ 

Let (Gi,G 2 ) be a pair which is an (si,s 2 — 1;X)-degenerate partition or an (si — l,s 2 ;-Y)- 
degenerate partition of G (we can take such a partition by Claim lT2l) . Choose (Gi, G 2 ) so that 

(Cl) f{G\, G 2 , si, S 2 ) is as large as possible. 

By the symmetry, we may assume that (G 1 , G 2 ) is an (si, S 2 — 1; X)-degenerate partition. Then, 
by Lemma [9] and (Cl), G\ is not (si — 1; X)-degenerate. We further choose such a partition 
(Gi, G 2 ) so that 

(C2) |Gi| is as small as possible, subject to (Cl). 

Then by (Cl) and (C2), we can obtain the following. 

Claim 4.3 If x is a vertex of G\, then we may assume that e G (x, G 2 ) — d Gl ( x ) < s 2 — si- In 
particular, if the equality holds, then G\ — x is (si — 1; X)-degenerate. 

Proof. Let x £ V{G\), and suppose that e G (x,G 2 ) — d Gi (x) = s 2 — si + k for some integer 
k > 0. Then by Lemma El f(G' l ,G' 2 ,si,S 2 ) > f(G\, G 2 , s±, S 2 ) + k, where G\ = G± — x and 
G’ 2 = G[V(G 2 )U{x}]. 

Suppose first that G' 2 is (s 2 — 1; X)-degenerate. Note that by Lemma [SJ G\ = G — G' 2 is 
non-complete, and then G[ is clearly (si; X)-degenerate because G\ is (si; X)-degenerate. Thus, 
[G\, G 2 ) is an (si, S 2 — 1; X)-degenerate partition such that f{G \, G' 2 , si, s 2 ) > f{G\, G 2 , si, s 2 ) + 
k and \Gi\ < |Gi|, which contradicts (Cl) or (C2). Thus G 2 is not (s 2 — 1;X)-degenerate. 

Since co(G) <2 < s 2 and G 2 is (s 2 — 1; X)-degenerate, it follows from Lemma l3ljn|) that G 2 is 
(s 2 ;-^-degenerate. Therefore, if k > 1, then (Cl) yields that G[ is not (si — 1; X)-degenerate, 
and hence {G \, G 2 ) is the desired partition (G\,G 2 ) (note that by Lemma [HJ G[ = G — G 2 is 
non-complete, and note also that G' 2 is non-complete because G 2 is non-complete). On the other 
hand, if G\ is not (si — 1; -Y)-degenerate, even if k = 0, then (G \, G 2 ) is the desired partition 
(Gt,G* 2 ). □ 

We now define 


Zi = {z £ V(Gi) \ X : d Gl {z) = si and e G {z,G 2 ) = s 2 }. 

Claim 4.4 We have Z\ ^ 0. 

Proof. On the contrary, suppose that Z\ = 0. 

Subclaim 4.4.1 d Gl {u) > si for u £ V{G\) \ X. 
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Proof. If there exists a vertex u of V(G\) \ X such that d Gl {u) < s i, then by Claim 03] and 
the definition of X, it is easy to check that d Gl (u) = si and e G (u, G 2 ) = s 2 , and hence u G Z\, 
a contradiction. □ 

Since G\ is (si;X)-degenerate, it follows from Subclaim 14.4.11 that there exist two vertices 
u\ G V(G\) \ X and v\ G V(G\) fl X with u\V\ ^ E(G\) such that d Gl {u\) + ^Gi(^i) < 2si. 
Since d Gl (u\) > si by Subclaim 14.4.11 we have d Gl (y 1 ) = s\ —l for some integer l > 1 . 

Subclaim 4.4.2 d G (v 1 ) < si + s 2 — 21 — 1 ( < si + s 2 — 3). 

Proof. By Claim 031 eG(^i) G 2 ) < S 2 — h Suppose that e G (v\, G 2 ) = s 2 — l. Then e G (v\, G 2 ) — 
d Gl (iq) = (s 2 — l) — (s 1 — 0 = S 2 — si. Hence by Claim 031 G\ — v\ is (si — 1; X)-degenerate. 
Note that by Subclaim 14.4.11 d Gl ^ Vl (u) > s\ — 1 for u G V{G\ — v\) \ X. Therefore, there 
exist two vertices u\ G V(G\ — v\) \ X and v' x G V(G\ — vf) fl X with u\v\ £ E{G\ — v\) 
such that d Gl - Vi ( u '\) + d Gl - vl (v[) < 2(si — 1). Since d Gl - vl ( u '\) > si — 1, this implies that 
da 1 -vi ( v \) < si — 2, and hence d Gl (v \) < si — 1. Combining this with Claim 031 we also get 
e G (v[,G 2 ) < S 2 — 1. Therefore, v\ and v' x are two distinct vertices of X such that d G {v 1 ) = 
dcA v i) + e G (vi,G 2 ) < (si - l) + (s 2 - 0 < si + s 2 - 2 and d G (y'i) = d Gl (v [) + e G (v[,G 2 ) < 
(si — 1) + (52 — 1) = si + s 2 — 2 , which contradicts Claim FTTH Thus e G (v\, G 2 ) < s 2 — l — 1, and 
hence d G (yi) = d Gl (yi) + e G (v\,G 2 ) < si + s 2 - 21 - 1 ( < si + s 2 — 3). □ 

By Subclaim 14.4.21 d G (ui) > a 2 (G) — d G (v 1 ) > (2(si + s 2 ) — l) — (si + s 2 — 21 — 1) = 
si + s 2 + 21. On the other hand, since d Gl (ui) + d Gl (y 1 ) < 2si and d Gl {v 1 ) = si — l, it follows 
that d Gl {u\) < s\ + l. Therefore, we get 

e G (ui,G 2 ) - d Gl (ui) = (d G (ui) - d Gl (ui)) - d Gl (ui) 

> (si + S2 + 21 — (si + /)) — (si + l) = s 2 — Si- 

By Claim 031 the equality holds in the above. In particular, d Gl (u\) = si + l. Moreover, again 
by Claim 031 G\ — u\ is (si — 1; X)-degenerate. 

We now choose such vertices u\ and v\ so that d Gl (ui) + d Gl (vi) is as small as possible. 
Since G\ — u\ is (si — 1; X)-degenerate, there exist two vertices u\ G V{G\ — u \) \ X and 
v\ G V(G\ — u \) fl X with u^Vi ^ E{G\ — u\) such that d Gl - Ul (u , 1 ) + d Gl - Ul (v[) < 2(si — 1) 
(recall that by Subclaim 14.4. 11 d Gl - ul (u) > s\ — 1 for u G V(G\ — u\) \X). Then by the choice 
of u\ and v\, 

2 -si = (si + /) + (si - l) = d Gl {ui) + d Gl (yi) < d Gl (u[) + d Gl (v[) 

= dGi-ui^i) + d G 1 -niK) + | E{G) n {uiUi.uiv']}] < 2 (si - 1) + 2 = 2si. 

Thus the equality holds in the above. The equality \E(G)n{uiu , 1 , = 2 implies that v\ 7 ^ v x 

because u\V\ ^ E(G). Since d Gl {u\) + d Gl {v 1 ) = dc^iu']) +d Gl (v[), we can replace u\ and v\ 
with u\ and v x , respectively. Therefore, Subclaim 14.4.21 also holds for the vertex and hence 
v\ and v[ are two distinct vertices of X such that d G {y 1 ) < si + s 2 — 3 and d G (v[) < si + s 2 — 3, 
which contradicts Claim 0TJ 
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This completes the proof of Claim 14.41 □ 


Claim 4.5 Suppose that there exists a vertex U2 o/G 2 such that ZU2 £ E(G) for all z £ Z\. 

(i) There exists a vertex v\ of V{G\) n X such that d G (v\) < si + S 2 — 2. 

(ii) If d G2 ( u 2 ) < s 2 - 1, then e G (u 2 , Gi) - d G2 (u 2 ) > (si - S 2 ) + 3. 

Proof, (i) Let z £ Z|. Then by the definition of Z\ and Claim [~T~3l G\ — z is (si — 1;X)- 

degenerate. Suppose first that there exists a vertex u\ of V(G\ — z) \ X such that d Gl - z (u 1 ) < 
si — 1. Then, d Gl (u\) = d Gl - z {u\) + | E(G) fl {uiz}| < (si — 1) + 1 = si. Combining this with 
Claim l4~3l we also get e G (tti,G 2 ) < s 2 , and hence d G (u±) = d Gl (u±) + e G (ui,G 2 ) < si + s 2 . 
On the other hand, it follows from the definition of X that d G {u\) > si + s 2 . Therefore, 
the inequality holds in the above. The equalities d Gl (u\) = si and e G (tti,G 2 ) = s 2 imply 
that u\ £ Z\. The equality | E(G) fl {uiz}| = 1 implies that U\Z £ E(G). But then, from the 
assumption of Claim R31 G[{u 2 , z, rq}] forms a triangle, a contradiction. Thus d Gl _ z (u) > si — 1 
for u £ V(G\ — z)\X. 

Since G\ — z is (si — 1; X)-degenerate, this implies that there exist two vertices u± £ V(G\ — 
z)\X and v\ £ V(G\ — z)nX with u\V\ £ E{G\ — z) such that d Gl - z (u\)+d Gl - z (v\) < 2(si — 1). 
Since d Gl - z [u\) > si — 1, we have d Gl - z (y\) < si — 2, and hence d Gl {v 1 ) < si — 1. Combining 
this with Claim ECU we also get e G {v\ ,C 2 ) < s 2 — 1, and hence d G {v 1 ) < si + s 2 — 2. Thus (i) 
is proved. 

(ii) It suffices to show that e G {ii2,G\) > s\ + 2. To show it, let z £ Z\ and v\ be a vertex 
of V(G\) D X such that d Gl {v\) < si + s 2 — 2 (we can take such a vertex v\ by (i)). By the 
degree condition of G, zv\ £ E(G). Recall that by the assumption of Claim H31 ZU 2 £ E(G), 
and hence u 2 u 1 ^ E(G) because g(G) > 4. Therefore, if e G (u 2 ,G'i) < si + 1, then 

02(G) < d G (v 1) + d G (u 2 ) = d G (v r) + (d G 2 (u 2 ) + e G (u 2 ,Gi)) 

< (si + s 2 — 2) + ((s 2 — 1) + (si + 1)) = 2(si + s 2 ) — 2, 

a contradiction. Thus e G (u 2 ,G'i) > si + 2. □ 

Claim 4.6 There exist two vertices z 1 £ Z\ and u 2 £ R(G 2 ) satisfying one of the following (A) 
and (B). 

(A) z\U 2 E(G) and e G (u 2 , Gi) - d Gi (u 2 ) > (si — s 2 ) + 1, or 

(B) z\U 2 £ E(G) and e G (u 2 , Gi) - d G2 (u 2 ) > (si — s 2 ) + 3. 

Proof. We apply Lemma 0] with e = 0 and i = 2. Then, there exist two vertices u 2 and u 2 of 
G 2 satisfying one of the following (a) and (b): 

(a) e G (u 2 , G\) - d G 2 (u 2 ) > (si - s 2 ) + 1, d G 2 (u 2 ) < s 2 - 1 and u 2 = v 2 , or 

(b) e G (u 2 , G\) - d G2 (u 2 ) > (si - s 2 ) + 1, d G (v 2 ) < si + s 2 - 2 and v 2 £ V(G 2 ) n X. 
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We further take z\ £ Z\ , and choose it so that z\U 2 ^ E{G) if possible. If z\U 2 ^ -E(G), 
then (a) and (b) directly imply (A). Thus we may assume that z\U 2 £ E(G). Then by the 
choice of z i, ZU 2 £ E(G) for all z £ Z\. It follows from Claims PT~T1 and 14314 1 that (b) does 
not occur. Thus, (a) holds. By Claim I431 ii) . the inequality da 2 (u 2 ) < S 2 — 1 implies that 
ec(u 2 , Gi) - dc 2 {u 2 ) > (si — s 2 ) + 3. Thus (B) holds. □ 

Let z 1 and ri 2 be the same as in Claim 14.61 Consider the graphs 

G[ = Gi — zi, G' 2 =G[V(G 2 ) U{ Zl }\, 

G" = G\V{G' l ) U {u 2 }], G" = G' 2 - U 2 . 

Note that (G'^G^) and (G'[. G'f) are partitions of G, respectively. Then by Lemma[2J Claim 1431 
and the definitions of Z \, G^, G' 2 ,G" and G 2 , we get 

f(G'{,G 2 ,si,S 2 ) > f (G[,G 2 ,s\,S 2 ) + 1 = /(G l5 G 2 , s l5 s 2 ) + 1. (4.1) 

Claim 4.7 Each G'[ is (sj; X)-degenerate. 

Proof. By Claim 14.31 and the definitions of Z\ and G^, it follows that G\ is (si — 1\X)~ 
degenerate, and hence by Lemma [3lHI]) and the definition of G", we see that G" is (si;A')- 
degenerate (recall that ur(G) < 2 < si). Combining this with Lemma [U we also see that 
G 2 = G — G" is non-complete. Since G 2 is (s 2 — 1; X)-degenerate, it follows from Lemma [4lfnli 
and the definition of G 2 that G 2 is (s 2 ; AT)-degenerate. Hence, G 2 = G 2 — 1 1 2 is clearly (s 2 ; A')- 
degenerate because G 2 is non-complete. □ 

By Claim 14.71 and (14.11) . if G'[ is (si — 1; A)-degenerate, or if G 2 is (s 2 — 1; A')-degenerate, 
then this contradicts (Cl). Thus, G'[ is not (si — 1; X)-degenerate and G 2 is not (s 2 — 1; A)- 
degenerate. Since each G” is non-complete by Claim H~7l it follows that {G'[, G 2 ) is the desired 
partition (G^G^). 

This completes the proof of Theorem |4l □ 


5 Applications 

5.1 Degree conditions for vertex-disjoint cycles 

In Sections □ H we have considered the existence of disjoint subgraphs with degree conditions, 
and we have shown Theorems [T] and El which correspond to Step 1 (the existence of two disjoint 
subgraphs of high minimum degree sum) for Problems [T] and [2j This type of results is sometimes 
useful tools to get degree conditions for packing of graphs, i.e., the existence of k disjoint 
subgraphs which belong to some fixed class of graphs. In this section, we explain it by taking 
disjoint cycles for example. In particular, we will give a sharp cr 2 condition for the existence of 
k disjoint cycles of lengths 0-mod 3 by using Theorem [2] (see statement (SO, Proposition [U] and 
Theorem [7]) . 

In [2], Chen and Saito gave a minimum degree condition for the existence of a cycle of length 
0-mod 3. Here, a cycle G is called a cycle of length 0 -mod 3 if |G| = 0 (mod 3). 


14 




Theorem C (Chen and Saito [2]) Every graph G with 6(G) > 3 contains a cycle of length 
0-mod 3. 

As a natural generalization of this result, we can consider the following problem. 

Problem 3 Is the following statement true for any k > 1 ? 

(51) Every graph G with 5(G) > 3k contains k disjoint cycles of lengths 0 -mod 3. 

In statement (32> the minimum degree condition is best possible if it’s true. Let k and n 
be integers with k > 1 and n > 6k — 2, and consider the complete bipartite graph K^k-i,n-3k+i- 
The minimum degree of this graph is clearly 3k — 1, and every cycle of length 0-mod 3 in this 
graph has order at least 6, and hence it does not contain k disjoint cycles of lengths 0-mod 3. 
In addition, considering this example, we can also consider the more general problem as follows. 

Problem 4 Is the following statement true for any k > 1 ? 

(52) Every graph G of order at least 3k with ( 72 (G) > 6k — 1 contains k disjoint cycles of lengths 
0 -mod 3. 

Since cr 2 (K 3k _ 1:n _ 3k+1 ) = 6k - 2, the graph K 3k _ 1)n _ 3k+i shows that “cr 2 (G) > 6k - 1” 
cannot be replaced by “cr 2 (G) > 6k — 2” in statement (32- Moreover, since cr 2 (G) > 2<5(G) for 
a graph G, it follows that statement (32 is stronger than statement (32 (note that |G| > 3k 
in statement (32)- 

In order to attack the above problems, one may use the induction on k. In particular, for 
Problem [3j we already know that statement (32 is true when k = 1 by Theorem ICl that is, 
Problem [3] can be solved by showing the inductive step. In the inductive step of this type 
problem, Theorems SEED and [2] sometimes can work effectively. In fact, we can easily obtain 
the following by using Theorems E and [2j respectively. 

Proposition 5 If statement (32 is true for k = 1, then statement (32 is true for any k > 1. 

Proposition 6 If statement (32 is true for k = 1, then statement (32) is true for any k > 1. 

We only show Proposition [6] because we can obtain Proposition [5] by the same argument. 

Proof of Proposition [G]. We show that statement (32 is true for any A; > 1 by induction on k. 
By the assumption of Proposition [6j statement (32 is t rue when k = 1. Suppose that statement 
(32 is true U P to the row k — 1, k > 2, and let us study for k. 

Let G be a graph of order at least 3k with (7 2 (G) > 6k — 1. We show that G contains k 
disjoint cycles of lengths 0-mod 3. If G is complete, then the assertion clearly holds. Thus we 
may assume that G is non-complete. 

Suppose first that G contains a triangle G. Then every vertex of G not in G has at most 3 
neighbors in G, and hence cj 2 (G —G) > (6k — 1) — 6 = 6(A; — 1) — 1. Note that |G —G| > 3(k — 1). 
Since statement (32 is true for k — 1 by the induction hypothesis, G — G contains k — 1 disjoint 
cycles of lengths 0-mod 3. With the cycle G, we get then k disjoint cycles of lengths 0-mod 3. 


15 


Suppose now that g(G) > 4. Then, since a 2 (G) >6k — l = 2(3(k — l) + 3) —1, it follows from 
Theorem [2] that there exist two disjoint subgraphs H\ and H 2 of G such that |Hi| > 2-3(k — 1) > 
3 (k - 1), a 2 (H 1 ) > 2 • 3(k - 1) - 1 = 6(k - 1) - 1, \H 2 \ > 2 • 3 > 3 and a 2 (H 2 ) >23-1 = 5. 
Hence by the induction hypothesis, H\ contains k— 1 disjoint cycles of lengths 0-mod 3, and H 2 
contains a cycle of length 0-mod 3. We get then k disjoint cycles of lengths 0-mod 3 in G. □ 

By Theorem ICl and Proposition [5l we see that Problem [3] is solved in affirmative. Similarly, 
by Proposition 0 it is only necessary to consider the case of k = 1 for Problem HJ In the next 
subsection, we completely solve Problem U by showing the following. 

Theorem 7 Every graph G of order at least 3 with cr 2 (G) > 5 contains a cycle of length 0 -mod 3. 


We mention other cases in the rest of this subsection. It is a well-known that every graph G of 
order at least 3k with 5(G) > 2k contains k disjoint cycles, which is a classical result by Corradi 
and Hajnal [3]- By the similar argument of the proof of Proposition [6j we can easily obtain a 
slightly weaker version of this; Every graph G with 5(G) > 3k — 1 contains k disjoint cycles. 
Because if G is a graph with 5(G) > 3k — 1, then Theorem 1X1 implies that G contains disjoint 
subgraphs Hi and H 2 such that 5(H\) > 3(k — 1) — 1 and 5(H 2 ) > 2 (see also [14, Corollary 
2]). Similarly, Theorem [Bl leads to a triangle-free version of Corradi and Hajnal’s (note that the 
minimum degree condition is best possible even if we assume a triangle-freeness). In addition, 
Enomoto [5] and Wang [1.8| independently gave a 02 -version as follows; Every graph G of order 
at least 3k with u 2 (G) > 4k — 1 contains k disjoint cycles. Theorems jT] and [2] immediately lead 
to slightly weaker versions of this result as above. 

Recently, Gould, Horn and Magnant [9] proposed the following conjecture, which is a common 
generalization of the above Corradi and Hajnal’s theorem and Hajnal and Szemeredi’s theorem 
m “every graph G of order exactly (c + 1 )k and of minimum degree at least ck contains k 
disjoint complete graphs of orders c+ 1”. Here, for an integer c > 0, a c-chorded cycle is a cycle 
with c chords. 


Conjecture D (Gould, Horn and Magnant [9]) Let c,k be integers with c>2 and k > 1. 

Every graph G of order at least (c + 1 )k with 5(G) > ck contains k disjoint ( C+1 K C 2 ) -chorded 
cycles. 


They showed that this conjecture is true for very large graphs compared to c and k (see [9] 
for more details). However, by using Theorem 1X1 and the following result (Theorem [El) by Gould 
et al. [9], we can easily obtain a slightly weaker version of Conjecture [D] (see Corollary [8]). 


Theorem E (Gould, Horn and Magnant p5]) Let c > 2 be an integer. Every graph G with 
5(G) > c contains a C+Wc- 2 ) _chorded cycle. 

Corollary 8 Let c, k be integers with c> 2 and k > 1. Every graph G with 5(G) > (c + 1 )k — 1 
contains k disjoint ( C+1 K C ~ 2 ) -chorded cycles. 


16 





In the same paper, they also showed that Conjecture [D] holds when G is triangle-free (see 
[9j Theorem 6]). However, we can also obtain it by using Theorems IBl and lEl Moreover, if we 
can obtain a o^-version of Theorem [Ej then by combining it with Theorem [TJ we can also get 
the ^-version of Corollary [HJ 

5.2 Proof of Theorem [7] 

In this subsection, we prove Theorem [TJ In the proof, we will use the following Chen and Saito’s 
result which is stronger than Theorem O 

Theorem F (Chen and Saito [2]) Every graph G of order at least 3 with at most one vertex 
of degree less than 3, contains a cycle of length 0 -mod 3. 

For a graph G of order n and an unordered pair {u,v} of distinct vertices of G (adjacent or 
not), we define the graph G u<v of order n — 1, as follows: 

• The vertices of G UjV are the vertices x of G distinct from u and v, and the pair 

• The edges of G UtV are the edges xy of G with x, y £ {u , v} and the edges xy with x = {u, x}, 
y £ {u,v} and e G (y,{u,v}) / 0. 

For a graph G and an integer s, we further let V S (G) = {v£ 17(G) : d G (v) = s} and V> S (G) = 
{v £ V(G) : d G (v) > s}. 

Proof of Theorem [?| We proceed by induction on n := |Gj. Clearly the assertion is true for 
n = 3. Suppose that the assertion is true up to the row n — 1, n > 4, and let us study for n. 
So G is a graph of order n > 4 with 02 (G) > 5. Clearly, if G contains triangles, we are done. 
So, we may suppose that g(G) > 4. Since ( 12 (G) > 5 and g(G) > 4, it follows from Lemma P l fi li 
that V <2 (G) is a clique and |F< 2 (G)| < 2. If |F< 2 (G)| < 1, by Theorem [Fl G contains a cycle 
of length 0-mod 3. So, we may suppose that \V< 2 (G)\ = 2, say V <2 (G) = {x,yj. Recall that 
xy £ E(G). Suppose that one of the vertices of V< 2 (G), say y is of degree 1 in G. It is easy 
to see that the induced subgraph G\ = G — y of G has exactly one vertex of degree less than 
3. Then G\ contains a cycle of length 0-mod 3, and we are done. So V< 2 (G) = {x,y} = V 2 (G), 
and since x and y does not have a common neighbor (for otherwise triangles), x has a unique 
neighbor u distinct from y and y has a unique neighbor v distinct from x and u. Suppose first 
that uv £ E(G). We put G' = G — {x,y}. It is easy to see that every vertex of G' uv distinct 
from the vertex {u,v} is of degree at least 3 in G' u v . Then G' uv contains a cycle C of length 
0-mod 3. If {n, v} is not a vertex of C, clearly we are done. Suppose now that {u, v} is a vertex 
of C. We put C = (x±,X 2 , • • •, x r , xi), where x\ = {u, v}. If u or v is a common neighbor of x r 
and X 2 , clearly we are done. If it is not the case, we may suppose that X 2 is adjacent to v and 
that x r is adjacent to u. Then P = (v,X 2 , ■ ■ ■ ,x r ,u) is a path of G such that |P| = 1 (mod 3). 
Since x, y ^ V ( P ), C' = (x, y, P, x) is a cycle of G of length 0-mod 3. 

So, we may suppose that uv ^ E(G). We distinguish two cases: 
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Case 1. {u, v} fl V >4 (G) ^ 0. 

Without loss of generality, we may suppose that u £ V> 4 (G). Then it is easy to see that 
every vertex of G' = G — { x,y } distinct from v is of degree at least 3 in G'. By Theorem IFl G' 
(and therefore G ) contains a cycle of length 0-mod 3, and then we are done. 

Case 2. {u, u} fl V> 4 (G) = 0, i.e., u,v £ Vs(G). 

We put again G' = G — {x,y}, and we consider the graph G' uv . Suppose that the vertex 
{u,v} of G' u v has degree at least 3 in G' uv . Since each of the vertices u and v has exactly 2 
neighbors in G — {x, y, v, u}, and since {u, u} has degree at least 3 in G' u v , it follows that u and 
v have at most one common neighbor in G'. and then it is easy to see that at most one vertex of 
G' uv is of degree less than 3 in G' uv . By Theorem [0 G' u v contains a cycle C of length 0-mod 3, 
and then as above we get a cycle of G of length 0-mod 3. So, we may suppose that {u, v} has 
degree at most 2 in G' u v . Then necessarily, u and v have two common neighbors w and z in G'. 
Observe that x, y, v and u have no neighbors in G — {x, y, v, u, w, z} and that wz ^ E(G). 

Suppose that {w,z} fl V> 4 (G) / 0. Consider then the graph G" = G — {x,y,v}. Then, it 
is easy see that 02 (G w ) > 5, and hence by the induction hypothesis, we are done. So, we may 
suppose w,z £ V 3 (G). We consider now two subcases. 

Case 2.1. w has a neighbor a in G—{x, y, v, u, w, z} and z has a neighbor b in G—{x, y, v, u, w, z} 
distinct from a. 

Suppose first that ab £ E(G). We consider the graph G\ = G — {x, y, v, u, w, z}. It is easy 
to see that 02 (G 1 ) > 5 and then by the induction hypothesis we are done. Suppose now that 
ab (j E(G). Then the graph G 2 = Gi + ab is of minimum degree at least 3. Then G 2 contains 
a cycle C\ of length 0-mod 3. If Ci does not contain the edge ab of G 2 , we are done. If C\ 
contains ab , then by deleting this edge and by adding the vertices w, u and z, we get a cycle of 
G of length 0-mod 3, and so we are done. 

Case 2.2. The vertices w and z have a common neighbor a in G — {x,y,v,u,w, z}. 

It is easy to see that all the vertices of Gi = G — {x, y, v, u, w, z} distinct from a are of 
degree at least 3 in G\, and then by Theorem El we are done. So, the assertion is true for n, 
and Theorem [7] is proved. □ 
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